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Allegro is a machine learning interatomic potential model designed to predict atomic properties in molecules
using E(3) equivariant neural networks. When training this model, there tends to be a trade-off between
accuracy and inference time. For this reason, we apply multi-objective hyperparameter optimization to both
objectives. Additionally, we experiment with modified architectures by constructing variants of Allegro: one
extended with additional classical layers and one incorporating quantum-classical hybrid layers. We evaluate
all models on QM9, rMD17-aspirin, rMD17-benzene, and a self-generated dataset of copper-lithium structures.
As results, both variants surpass Allegro in force prediction accuracy across multiple datasets. The classical
variant consistently improves over the baseline, while the quantum-—classical hybrid variant achieves the best
overall force prediction accuracy on the Cu-Li dataset, where it was fully optimized, outperforming the classical
variant by approximately 13%. Notably, the hybrid variant also achieves competitive results on the remaining
datasets despite using hyperparameters transferred from Cu-Li without dataset-specific optimization, suggesting

that quantum-—classical hybridization is a promising direction for enhancing MLIP architectures.

1. Introduction

Machine learning interatomic potential (MLIP) models [1-3] are
machine learning models trained to predict energies, stresses, forces
of molecular systems. They map the atomic structure of molecules
into their potential energies. An MLIP model, in comparison with
density functional theory (DFT) [4,5], reduces computational cost
and lowers the complexity of energy calculations, while approaching
DFT accuracy. Some widely used MLIP models are SchNet [6], Gaussian
Approximation Potentials (GAP) [7], Smooth Overlap of Atomic Posi-
tions - GAP (SOAP-GAP) [8], Atomic Cluster Expansion (ACE) [9,10]
and NequiP model [11]. Here we conduct a methodical multi-objective
optimization search of hyperparameters for an improved version of
the aforementioned NequiP model which is the Allegro model [12].
Allegro yields significant improvements over NequiP [12], especially
on large-scale systems. It allows for parallel computations by dropping
the message passing propagation of the information and substituting it
with a series of tensor products of learned equivariant representations.
We optimize both the objectives of the accuracy and the inference
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time. In addition, we perform a network architecture search for variants
of the Allegro model, including quantum-—classical hybrid models. We
extend our hyperparameter optimization search on additional Allegro
model variants, such as an extension of Allegro with additional multi-
layer perceptron (MLP) layers along with quantum depth infused
(QDI) layers [13-18]. There have been other areas where researchers
have found success by inserting quantum layers in purely classical
models, a process called, quantum—classical hybridization [13,19-22].
To ensure that we find the best fitting hyperparameters for all variant
Allegro models, we use a state-of-the-art multi-objective optimization
algorithm, our implementation of SAMO-COBRA [23] for the hyperpa-
rameter optimization. This algorithm runs multiple evaluations of our
objective function and at the same time it searches and optimizes 6 — 9
hyperparameters depending on the type of Allegro model. We evaluate
the performance of variant Allegro models on a plethora of datasets.
One of them is an unpublished and self-generated dataset, and three
widely used public datasets. The unpublished dataset includes inor-
ganic compounds and specifically copper and lithium atoms. The public
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datasets are: (1) QM9 [24], which has 133885 different molecules,
produced by all the stable combinations of up to 9 atoms of C, N, O
and F, and (2) the revised-MD17 (rMD17) dataset, from which we use
the Aspirin and Benzene subsets [25]. We train the models to predict
molecular energies from QM9 and both energies and forces for Cu-Li,
Aspirin and Benzene datasets.

2. Preliminaries

In this section, we outline key concepts of our work. We discuss the
importance of equivariance and symmetries in graph neural networks
(GNNs), introduce our implementation of SAMO-COBRA, and describe
the QDI layer enhancements of the Allegro model.

2.1. Allegro model

In the context of molecular dynamics and the prediction of energies
and forces, selecting an appropriate symmetry group G is vital. Equiv-
ariance arises naturally by the geometrical properties and symmetries
of molecular systems [26], and thus comprises a mechanism that boosts
the performance of MLIP [11,12]. The benefit of equivariance derives
from the ability to reduce the space of possible weight matrices for
a multilayer perceptron, in contrast with other MLIP models which
require a large amount of configurations to achieve high-fidelity re-
sults [27,28]. Allegro model [12,29,30] is a Graph Neural Network
(GNN) that utilizes internal symmetries to build an equivariance neural
network [31-34] with a reduced number of trainable parameters. The
demand for more accurate and sophisticated neural networks leads us
to exploit different characteristics and properties. The notion of equiv-
ariance of a function to a group is characterized as a generalization
of the invariance [31]. Regarding Allegro, the group over which the
network is equivariant is E(3). The group operations of E(3) encompass
rotations, translations in 3 dimensions, and reflections.

Definition 1 (Equivariance). Suppose the sets X, Y and a function f :
X — Y. Then for a group G and a transformation g € G, if:

f(TgX)=Tg’f(x), VxeX,gelG '6))
Then f is equivariant to group G.

Note that 7, and TLf are the representation operators of g in X and
Y spaces, respectively. Also, these operators do not have to be equal
but T has to be a linear representation of G [32]. In case of T éf being
the identity transformation then we fall to the special case of f being
invariant to group G. For our case, the commutative diagram below,
represents graphically the equivariance.

T,
Xr—t vy
f f

T,
y——

Definition 2 (k-Layered Multilayer Perceptron [31]). Let A € IR"-1>",
i ={1,...,k} be all possible weights matrices, b, € IR",i = {1,...,k—1}
be the bias terms (assuming no bias on the output layer) and o
IR — IR be a continuous activation function. Let G be a group with
representation p; : G - GL(n;), i = {0,...,k}. Then the k-layered
multilayer perceptron f : IR" — [R" is

fG0) = Agoy, | Ay_10p,_, - Op ALX
Then f is equivariant to G with respect to p; if
Aipi_1(8) = pi(e)A;, and @

on,i(8) = pi(g)oy,, VeEG 3
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Fig. 1. Quantum depth-infused layer.

With ¢y, : IR" — IR", op,(x) = 6(x +b) being a point-wise nonlinearity.

Egs. (2) and (3) are both derived from equivariance definition replacing
the representation operator with the representation p;(g) of ith layer.
Then by following the proof from [31] we can show that f(p,(g)x) =
(&) f(x). Eq. (3) is always satisfied by any point-wise nonlinearity
while all components of b; are equal to the same real number. While
this is true, it is evident how equivariance limits the possible choices
for weights matrices, and thus reduces the complexity of our problem.
As a consequence, neural networks that utilize the equivariance sym-
metry are capable on achieving high-fidelity results with significant less
data [11,12].

2.2. Details of our implementation of SAMO-COBRA

We use our implementation of SAMO-COBRA as a multi-objective
optimization algorithm that attempts to find the set of hyperparame-
ters that minimize all the (expensive) objective functions we want to
optimize. Particularly, our implementation of SAMO-COBRA succeeds
on maximizing the hyper-volume in the solution space by minimizing
the evaluations of the objective functions. Formally,

minimize f(x) = 2 - R*, £(x) = (f1(X), ..., £ (X)}

4
subject to g;(x) <0, Vi€ {1,...,m},x € 2 C R?

where k is the number of objective functions we want to minimize, m is
the number of constraints and d the dimensionality of the problem. In
our case, we want to minimize two objective functions, namely mean
absolute error (MAE) of forces with respect to the validation set and
the inference time of the entire test set. We use our implementation of
SAMO-COBRA to maximize the hypervolume (Hv) [23] of the region
in the objective space dominated by a given set of solutions.

2.3. Quantum depth-infused layer

In the proposed ML model, a quantum layer, implemented as
a specialized variational quantum circuit (VQC) known as the QDI
layer [13], is leveraged to manage a large number of input features with
a limited qubit count. The structure of this quantum layer is illustrated
in Fig. 1. Unlike traditional approaches where each feature is assigned
its own qubit, the QDI layer utilizes a data re-uploading strategy.
This method sequentially encodes features onto a lattice structure. By
incorporating entangling gates and variational quantum layers across
encoding sections, the model can capture complex, non-linear patterns
and correlations. This design enhances the model’s representational
power.
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(d) Pareto front of the Cu-Li dataset

Fig. 2. Pareto fronts as they generated by our implementation of SAMO-COBRA during multi-objective optimization of the Allegro model and its variants,
minimizing both the forces mean absolute errors on the validation set in (eV/A) and the inference time for each dataset tested. The x-axis shows the force mean
absolute error (F MAE) on the validation set in eV/A, and the y-axis shows the total inference time on the entire test set in seconds.

3. Implementation

For the implementation and the experiments of this work, we gener-
ated our own Cu-Li dataset from DFT calculations, we preprocessed all
datasets before running any training, built all the necessary variant Al-
legro models, namely Allegro+MLP and Allegro+QDI and used a single
T4 GPU with 16 GB of memory to run the multi-objective optimiza-
tion using our implementation of SAMO-COBRA as our optimization
algorithm.

3.1. Data preprocessing

The choice of the datasets serves multiple purposes. Training the
models on QM9 allows us to explore the potential of these predictive
models on a diverse set of organic molecules. We pre-processed QM9
by excluding the 3054 molecules which failed the geometry consistency
check from the total 133885 molecules [24]. Additionally, from all

molecules’ features, we isolated the energy values used for the training.
For more focused experiments we used rMD17 and specifically the
aspirin and benzene subsets. For consistency with prior work, we
converted all the energies from kcal/mol to eV/atom, since we compare
our results with the literature where energies are usually reported in eV
or meV. Finally, to evaluate Allegro model and its variants on inorganic
compounds, we generated a dataset consisting of copper and lithium
atoms. This dataset consists of multiple XY Z-formatted slabs which
form a surface of copper atoms and their respective energy.

3.2. Dataset generation

The DFT-based training dataset was constructed using a diverse set
of 11,635 structures, enabling the trained MLIP to accurately model
complex materials behavior in different systems. We first generated an
initial set of 13 symmetrically distinct slabs using pymatgen [35] for
Li and Cu each up to the {333} Miller indices. The thickness of the
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Table 1
Best parameters from Allegro HPO.
Allegro Pnax Ir Batch P Layers Edge MLP
rMD17 aspirin 7.3 5.36e—03 3 6.9 4 32
rMD17 benzene 12.0 le-03 1 5.0 3 128
QM9 12.0 le-03 5 10.0 3 32
CuLi 12.0 2e-03 2 5.0 2 128
Table 2

Best parameters from Allegro+MLP HPO.

Allegro+MLP Foax 1T Batch P Layers Edge MLP Final MLP
rMD17 aspirin 7.4 2.93e-03 2 6.7 3 16 [1024,1024]
rMD17 benzene 12.0 1e-03 1 50 3 128 [32,4]

QM9 6.2 1e-03 2 50 2 64 [32,16]
CuLi 5.0 9.35e-04 1 10.3 3 16 [4,16]

Li and Cu slabs was fixed as 20 Aand 30 Aby convergence of their
surface energies respectively with a vacuum spacing of 15 A on both
sides to prevent periodic boundary interactions. To distinguish the bulk
behavior of the slab from its surface, we only allow the atoms in the first
and last two layers of each slab to relax during the DFT calculations,
while immobilizing the rest of the atoms. These relaxed configurations
were then used to create a wide variety of slab and interface-based
structures. Firstly, we generate structures with surface vacancies and
adatoms to capture the effect of surface modifications on these slabs. 34
structures with surface vacancies were created by removing the furthest
possible surface atoms having the same coordination number in each
slab. To capture defect concentration, we further generated surface
vacancies in 2 x 2 x 1 supercells of the slabs leading to an additional 34
structures. 537 structures with adatoms were generated by placing Li
and Cu adatoms at distinct sites (hollow, top and bottom) at 2 Aon top
of the 2 x 2 x 1 supercells of each slab and allowing the structures to
relax in order to capture the adsorption behavior on the surfaces. Lastly,
we generated a set of interfaces and melt-quench based amorphous
interfacial structures to enable the potential to accurately model high-
temperature environments with complex interactions between Li and
Cu atoms. We used pymatgen to create coherent interfaces between
the Li and Cu slabs following the approach suggested by Zur and
Mcgill [36]. We started by initially transforming Li and Cu slabs into
their respective supercells such that their surface areas are similar
within a defined tolerance of 9%. For each pair of Li and Cu slabs,
we found the smallest possible combination of such supercells and
positioned them with a gap of 3, thus creating geometrically viable
interfaces. Due to the enormous number of interfaces that can be gen-
erated via this process, we constrained our dataset to having interfaces
generated by the Li and Cu slabs sharing the same Miller indices.
A melt-quench approach via ab initio molecular dynamics (AIMD)
simulations was subsequently used to create amorphized interfacial
structures.

For the melt-quench simulations, the interfaces were heated to 600K,
which is above the melting point of Li (~ 453 K) but well below that of
bulk Cu (~ 1358 K). At this temperature, the Li component melts while
the Cu surface layers undergo significant disorder due to interfacial
mixing with molten Li, producing amorphous interfacial structures
representative of realistic Li-Cu interfaces encountered, for example, in
lithium-ion battery anodes. The system was then cooled from 600 K to
10 K at a rate of 250K/ps. The NVT ensemble with the Nose-Hoover
thermostat [37-39] was used for all the AIMD simulations with a time
step of 2 fs and the energy cutoff fixed as 520 eV. This interfacial data
forms the bulk of our dataset and consists of 11,000 distinct structures.
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3.3. DFT calculations

We utilized the Vienna ab initio simulation package (VASP) [40,41]
with the projector augmented wave [42,43] potentials to generate the
entire dataset. The restored-regularized strongly constrained and ap-
propriately normed (R?SCAN) [44] exchange correlation functional was
used to model the electronic exchange and correlation, with the kinetic
energy cutoff fixed as 520 eV for the plane wave basis. We sampled
the Brillouin zone using I' centered Monkhorst-Pack k-point meshes
having a minimum density of 32/A. We allowed for the ionic positions
to be relaxed for all configurations without symmetry constraints until
the total energies and atomic forces for all structures converged within
10-5 eV and [0.03| eV/A, respectively.

3.4. Allegro enhancements

The first modification made to the existing Allegro structure was
the insertion of an additional MLP layer (see Allegro architecture figure
in [12]). This MLP consists of two hidden layers, the dimensionality of
which (along with the input number of features) consists of three addi-
tional hyperparameters for tuning. Moreover, the weights initialization
and nonlinearity methods constitute two hyperparameters that we
included to the configuration of the model but did not optimize. These
MLP layers add some additional depth to the model, which increases
the complexity and ultimately leads to better accuracy. Allegro+MLP
serves as a direct classical counterpart to Allegro+QDI allowing for
a proper comparison between the two models. This comparison is
valid since both Allegro+MLP and Allegro+QDI share the same overall
structure. The only difference is that the MLP, including the two hidden
layers, is replaced by a QDI layer followed by a fully connected layer,
before it passes to the final output MLP of the original Allegro model.

3.5. Hyperparameter tuning

For the hyperparameter optimization of all Allegro, Allegro+MLP
and Allegro+QDI models we used our implementation of SAMO-COBRA
which evaluated the objective function for 100 generations and 12
off-springs, implying a total of 1200 evaluations for each variant and
each dataset. For transparency to computational costs, we report the
mean wall-clock time per expensive evaluation on a single T4 GPU at
approximately 32.4 min for QM9, 9.6 min for rMD17-aspirin, 6.0 min
for rMD17-benzene and 4.8 min for Cu-Li. Multiplying with the number
of expensive evaluations of the optimization process, gives an estimate
of the total optimization cost per dataset. We optimized Allegro on 6
different hyperparameters, including the cutoff radius, the polynomial
cutoff, batch size, number of layers, dimensionality of the final MLP
layer and learning rate. Especially for the Allegro+MLP model, we
optimized also the dimensionality of the two hidden layers and the
number of input features. For Allegro+QDI, the additional optimized
hyperparameters where the number of input features to the quantum
circuit, the dimensionality of the additional MLP and the depth of
the QDI. The models were optimized to the minimize mean absolute
error on forces (mean absolute error on energies for QM9) for the
validation set, and at the same time the minimization of the infer-
ence time of the models on a test set. To visualize and evaluate the
optimization, we produced the Pareto fronts for all given datasets
Fig. 2. Unfortunately, we were not able to apply the full Pareto-front
optimization on Allegro+QDI for the rMD17-aspirin, rMD17-benzene,
and QM9 datasets. Consequently, we produced the complete Pareto
front for Allegro+QDI only on Cu-Li. For the remaining datasets, we
transferred the best QDI-specific hyperparameters (QDI depth and QDI
input features) found on Cu-Li, while using the dataset-specific Allegro
hyperparameters optimized for each respective dataset. We note that
this transfer likely represents a lower bound on Allegro+QDI perfor-
mance, since dataset-specific optimization of the QDI hyperparameters
could yield further improvements.
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Table 3
Best parameters from Allegro+QDI HPO.
Allegro+QDI Finax Ir Batch P Layers Edge MLP Final MLP QDI depth QDI input features

rMD17 aspirin 9.5 le-03 1 6.0 4 16 4 4 21

rMD17 benzene 12.0 le-03 1 5.0 3 32 16 1 4

QM9 120  1e-03 5 100 3 32 128 3 4

CuLi 5.0 4.02e-03 5 12.0 3 4 128 3 4
Table 4 . using the optimized hyperparameters. In the following supplementary
Val; values for best runs in (meV/A). material, we include all the graphs from the training of these runs. We
Val; Allegro Allegro [12] Allegro+MLP Allegro+QDI compare all our results with the results reported in the original Allegro
Aspirin 10.2 9.8 9.0 9.9 paper [12]. Since we were unable to replicate the exact configuration
Benzene 0.43 0.37 0.28 0.30 file as the one used in [12], we used a common configuration file for all
CuLi 459 - 433 37.8 models and datasets and only changed the optimized hyperparameters
in each case. In the tables, we denote with bold the most accurate
Table 5 models, which in all cases (for forces) are the variant Allegro+MLP or
Val, values for best runs in (meV/atom) for up to 300 epochs on QM9, 100 Allegro+QDI. The Allegro+QDI variant dominates on the CulLi dataset,
for CuLi and 3000 for aspirin and benzene. offering almost 13% increase in performance over Allegro+MLP. Table
Val, Allegro Allegro [12] Allegro+MLP Allegro+QDI 6 places our results in the context of other state-of-the-art MLIP models.
Aspirin 3.6 2.3 26 3.2 On rMD17-aspirin, our Allegro+MLP variant (9.0 meV/A) achieves
Benzene 0.21 0.20 0.21 0.19 competitive force MAE, outperforming the original Allegro and BOT-
Culi 809.0 - 698.9 495.7 Net, though MACE achieves a lower error (6.6 meV/A). On rMD17-
QM9 103 134 214 3 benzene, Allegro+MLP (0.28 meV/A) is competitive with NequIP and
MACE. We emphasize that the primary contribution of this work is
not to claim state-of-the-art accuracy on these benchmarks, but rather
4. Results to demonstrate the value of systematic multi-objective hyperparam-

By running the multi-objective optimization on all Allegro variants
and all datasets we plot the respective Pareto fronts in Fig. 2. For all
datasets, there is a trade-off between accuracy and inference time. For
rMD17-aspirin and rMD17-benzene we notice that Allegro+MLP can
achieve better accuracy but pure Allegro validates a test set faster,
while for QM9 it is the opposite. Finally, CuLi dataset in Fig. 2 includes
the Allegro+QDI Pareto front, which we manually calculated due to
technical reasons with the inference time and the optimization library
that we use. In principle, it is possible to modify our approach for
the QDI variant to make it generally efficient. Nevertheless, for CuLi,
Allegro+QDI has the overall best accuracy on predicting the forces
on the validation set and slightly worse inference time in comparison
with Allegro+MLP. In Tables 1, 2 and 3 we include all the best hyper-
parameters found by our implementation of SAMO-COBRA on vanilla
Allegro, Allegro+MLP and Allegro+QDI respectively. We notice, large
differences in specific hyperparameters (such as the polynomial enve-
lope P and the dimensionality of the edge MLP), between the different
variants, which is an indication of a non-significant hyperparameter.
Due to the aforementioned technical issue, we optimize Allegro+QDI
only on the forces MAE. Specifically for the QM9 dataset, instead of
optimizing the Allegro+QDI model we use the optimized hyperparam-
eters on QM9 from Allegro and for the QDI-exclusive hyperparameters,
we use the optimized Allegro+QDI parameters from CuLi. In Tables 4
and 5 we report the results from training the models on all datasets,

Table 6

eter optimization and to explore the potential of quantum-—classical
hybridization within a specific MLIP framework. Direct comparisons
should also account for differences in training configurations, data
splits, and computational resources. Regarding energies, we notice
a more unstable behavior during training which is justified in such
accurate calculations (in the range of a few meV and less than 1 meV for
benzene). Since the optimization focuses only on forces and inference
time, the energy results do not highlight any model to be strictly
superior.

5. Discussion

To summarize, we use our implementation of SAMO-COBRA to
optimize hyperparameters on an Allegro model along with the classical
and hybrid variants we built. The optimization targeted two objectives:
minimizing the mean absolute error on validation set forces and min-
imizing inference time. The results indicate that the classical variant
Allegro+MLP consistently surpasses vanilla Allegro in force predic-
tion accuracy across all tested datasets. The quantum-—classical hybrid
Allegro+QDI achieves the best force prediction accuracy on the Cu-
Li dataset, where it was fully optimized, offering approximately 13%
improvement over Allegro+MLP. Notably, even with hyperparameters
transferred from Cu-Li, Allegro+QDI shows competitive performance
on the remaining datasets and achieves the best energy MAE on rMD17-
benzene, suggesting that the quantum hybridization benefits are not

Comparison with state-of-the-art MLIP models on rMD17 and QM9 benchmarks. Values for NequIP, MACE, and BOTNet are taken
from Table 1 of Ref. [45], trained on 950 configurations with 50 for validation.

Model rMD17-aspirin rMD17-benzene QM9
Fyae . Enae Fyae . Emae Envae
(meV/A) (meV/atom) (meV/A) (meV/atom) (meV/atom)
NequlP [11] 8.2 2.3 0.3 0.04 -
MACE [45] 6.6 2.2 0.3 0.4 -
BOTNet [46] 8.5 2.3 0.3 0.03 -
Allegro [12] 7.3 2.3 0.2 0.3 13.4
Allegro (ours) 10.2 3.6 0.43 0.21 10.3
Allegro+MLP (ours) 9.0 2.6 0.28 0.21 21.4
Allegro+QDI (ours)! 9.9 3.2 0.30 0.19 23.3

1 Allegro+QDI results on rMD17 and QM9 use transferred hyperparameters from Cu-Li (see text).
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Fig. 3. (a) Circuit’s ZX graph with original parameters. (b) Circuit’s ZX graph after simplification.

limited to a single dataset. For future work, one could explore the ca-
pabilities of such state-of-the-art MLIP models (e.g., Allegro), on more
complex molecules that are impossible to solve analytically, where such
highly accurate, approximation methods can prove significant utility.
Based on our work here, we expect the hybridization of such MLIPs
to offer additional accuracy benefits. Thus, exploring different ansatzes
or involving more classical/quantum layers in the architecture of the
model can improve them significantly.
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Supplementary material A. Quantum circuits analysis

In this section, we analyze the quantum circuit used in this paper.
There are three metrics for evaluation:

» Redundancy analysis with ZX calculus
+ Trainability analysis with Fisher information
+ Expressivity analysis with Fourier series

A.1. Redundancy analysis with ZX calculus

ZX calculus is a graphical language used to simplify quantum cir-
cuits using specific notation, where the circuit is transformed into a
sequence of nodes, called “spiders”, and edges to connect them. After
this ZX graph can be simplified [47] using language’s set of rules,
thus taking out redundant elements [48]. After transformation, we can
compare the initial version with the reduced one, which represents a
more optimal configuration. Using the number of parameters in the first
and second circuits, the redundancy can be evaluated as the margin

of initial parameters left after simplification. The more parameters
are left unchanged, the better architecture the circuit has in the first
place. A architecture deemed unable to be simplified in this manner
is classified as ZX-irreducible. The main changes in the circuit shown
in Fig. 3(a-b) consist of the rearrangement of certain weights after
their simplification. During the optimization process, 24 out of 24
parameters, or 100%, were preserved, showing the circuit’s high quality
and lack of redundant elements. Using ZX calculus, it can be clearly
said that a circuit does not need major structural changes and has no
redundant elements in it. However, other metrics should be used to
provide a full analysis of its capabilities.

A.2. Trainability analysis with Fisher information

A supervised machine learning task can be framed as constructing
a hypothesis model h,(%) based on a labeled dataset (x,y) € X XY
to approximate the natural data distribution f(x). Given a subset S of
labeled samples from this distribution, we aim to optimize our model to
accurately approximate f(%). This involves maximizing the probability
of the model, with parameters 6, predicting the correct label y for each
data point x. The conditional probability required for this task can
be expressed as P(y|x, ). By assuming a uniform distribution over X,
we leverage the joint probability P(y,x|6) to enhance accuracy, with
this probability distribution calculable for any parameter value 6 given
a data point x;. This joint probability can be represented as an N-
dimensional manifold, where N is the number of trainable parameters,
N = |0|. The Fisher information matrix (FIM) F(9) [49,50] is a metric
over this manifold.

F(0) = Ef, 1 [V log(P)Vy log(P)'] (5)

To proceed, we diagonalize the metric to obtain a locally Euclidean
tangential basis, where the diagonal elements represent the squared
gradients of our joint probability within this basis. These elements
correspond to the eigenvalues of the Fisher information matrix. This
process is crucial for identifying and mitigating the barren plateau
problem, which manifests as vanishing gradients in quantum neural
networks with a high number of qubits. As demonstrated in Ref. [51],
the expectation values of gradients approach zero, and their variance
diminishes exponentially as the number of qubits increases. This effect
arises when gradients predominantly converge near zero, leading to
non-participation of many parameters in the training process. Conse-
quently, analyzing the eigenvalue spectrum of Fisher matrices across
multiple instances of 6 provides insights into the trainability and re-
silience of QNN s against barren plateaus. A neural network with higher
trainability would exhibit reduced eigenvalue degeneracy. The Fisher
information matrix can be computed for the specific hyperparameters
of the circuit. Following the approach outlined in Ref. [49], we generate
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Fig. 4. (a) The histogram of the Fisher eigenspectrum. There are around 78% of parameters with near-zero eigenvalues, but this margin does not go higher
than 95% trainability threshold. Other parameters have great impact, contributing to circuit’s trainability. (b) Average Fisher Information Matrix. The diagonal
elements show parameters having mostly high gradient values, showing their impact on the circuit. Meanwhile non-diagonal ones are almost non-existent,
indicating parameters’ independence. Also there is no evident single-parameter dominance, showing high trainability. (¢) Average FIM rank. There are three layers
presented, although only one is used in the original circuit. This clearly shows how rank goes on the plateau, which means the model is in the overparameterization
mode. Thus, no extra layers are needed as the circuit already has a sufficient number of parameters. (d) Real and imaginary part of Fourier coefficients.

a Gaussian-distributed dataset x ~ N'(u = 0,6> = 1). The joint
probability is then determined by evaluating the overlap between the
prepared quantum state and the state produced by our quantum layer.

©

where y is the output state. By averaging over all x and y, the Fisher
information is calculated for any given 6. The metric’s result consists
of several images. Fig. 4(a) shows distribution with several parameters
having eigenvalues much greater than zero. This indicates that many
of them are impactful, giving good trainability. In Fig. 4(b), we can see
a clear diagonal where every element is active and contributes to the
circuit’s performance. Lack of non-diagonal elements also shows that
there is no pair of parameters that are entangled to the extent where
we can replace them with a singular one.

As discussed in Ref. [53], certain quantum neural networks (QNNs)
may exhibit reduced parameter efficiency due to over-parametrization.
This effect is observed when, beyond a certain point, adding more
parameters no longer increases the rank of the FIM, indicating that the

P(y, x]0) = (ylw (9, x)),

circuit has reached a saturation point. At this stage, further parameter
addition does not enhance expressivity and may lead to the risk of over-
parametrization. Choosing the right number of parameters, enough to
utilize the full capacity of the circuit but not too much, is the important
issue that is resolved with the average FIM rank Fig. 4(c).

A.3. Expressivity analysis with fourier series

It has been demonstrated that the output of a parameterized quan-
tum circuit can be represented as a truncated Fourier series. For a
feature vector of length N, this Fourier series is expressed as a function
of the feature vector x and the trainable parameters 6:

Fo= Y D Cup oy @)

W €EQ] wNERLN

)

where w € {d_;,...,0,....d;}. In other words, the number of terms
in the Fourier series is one plus twice the number of times the input
is embedded in the circuit, denoted by d. In this analysis, we assess
the expressivity of the function f,(x) by sampling over a uniform
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Fig. 5. Training curves of all Allegro variants on QM9 dataset using the best hyperparameters, as achieved from our hyperparameter optimization. Among the
variants, we include the Allegro Anders et al. training curve, which corresponds to QM9 Allegro hyperparameters as reported in [12]. To smooth the resulting
curves we use the time-weighted exponential moving average (EMA) [52] smoothing technique with 0.75 smoothing factor.
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Fig. 6. Training curves for all Allegro variants including Allegro with the parameters reported by Anders et al. [12]. We report mean absolute errors both forces
and energies for all datasets up to 3000 epochs (except from QM9 and CuLi which is up to 300 and 100 epochs respectively). Moreover, for the energy sub-figures
(b) and (d) we use the time weighted EMA [52] smoothing technique with smoother factors 0.9 and 0.8 respectively. All graphs are plotted with semi-logarithmic

scaling in y-axis.
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Fig. 7. An example generated (a) Li (110) and (b) Cu (110) slabs with a thickness of 20 A and 30 A and vacuum spacing of 15 A. Interface generated between
the (c) Li (110) and Cu (110) slabs and (d) Li (111) and Cu (111) slabs with the same vacuum spacing of 15 A.

distribution of random values for each 6§, within the interval [0, 27]
and by selecting equidistant x values with a sampling frequency of
d. This analysis centers on two primary considerations: the number of
accessible terms in the Fourier series (the degree) and the accessibility
of the coefficients for each term (the coefficients’ expressivity). The
expressivity is indicated by the number of non-zero coefficients in the
Fourier spectrum—the higher the number, the greater the expressivity.
Notably, this circuit demonstrates a high degree of expressivity, with
127 non-zero coefficients out of 161 possible terms (around 79%) as
shown in Fig. 4(d).

Supplementary material B. Training curves

See Figs. 5-7.

Data availability

The datasets used in this study are publicly available. The rMD17
dataset is available as described in [25], and the QM9 dataset in [54].
The Cu-Li dataset was generated in collaboration with an industrial
partner and is subject to data sharing restrictions. It is available upon
reasonable request to the corresponding author for academic research
purposes, subject to data sharing agreement.

The machine learning models and code used in this work include
NequlP [11], Allegro [12], Allegro+MLP [55], and SAMO-COBRA [56],
all of which are accessible via their respective GitHub repositories.
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